
EE365: Linear Quadratic Regulator
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Linear quadratic regulator

I xt+1 = Atxt +Btut + wt

I Ewt = 0, Ewtw
T
t =Wt

I stage cost is (convex quadratic)

1

2
(xTtQtxt + uT

tRtut)

with Qt ≥ 0, Rt > 0

I terminal cost 1
2
xTTQTxT , QT ≥ 0

I variation: terminal constraint xT = 0
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Linear quadratic regulator: DP

I value functions are quadratic plus constant (linear terms are zero):

vt(x) =
1

2
(xTPtx+ rt)

I PT = QT , rT = 0

I optimal expected tail cost:

E vt+1(ft(x, u, wt))

= 1
2
(rt+1 +E(Atx+Btu+ wt)

TPt+1(Atx+Btu+ wt))

= 1
2
(rt+1 + (Atx+Btu)

TPt+1(Atx+Btu) +Tr(Pt+1Wt))

using Ewt = 0 and

EwT
t Pt+1wt = ETr(Pt+1wtw

T
t ) = Tr(Pt+1Wt)
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Linear quadratic regulator: DP

I minimize over u to get optimal policy:

µt(x) = argmin
u

(
uTRtu+ uTBT

t Pt+1Btu+ 2(BT
t Pt+1Atx)

Tu
)

= −
(
Rt +BT

t Pt+1Bt

)−1

BT
t Pt+1Atx

= Ktx

I optimal policy is linear (as opposed to affine)

I using u = Ktx we then have

vt(x) =
1
2
(rt+1 +Tr(Pt+1Wt) + xT(Qt +KT

t RtKt)x+

xT(At +BtKt)
TPt+1(At +BtKt)x)

I so coefficients of vt are

Pt = Qt +KT
t RtKt + (At +BtKt)

TPt+1(At +BtKt),
rt = rt+1 +Tr(Pt+1Wt)
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Linear quadratic regulator: Riccati recursion

I set PT = QT

I for t = T − 1, . . . , 0

Kt = −(Rt +BT
t Pt+1Bt)

−1BT
t Pt+1At

Pt = Qt +KT
t RtKt + (At +BtKt)

TPt+1(At +BtKt)

I called Riccati recursion; gives optimal policies, which are linear functions

I surprise: optimal policy does not depend on the disturbance distribution (pro-
vided it is zero mean)

I J? =
1

2
(Tr(P0X0) +

T−1∑
t=0

Tr(Pt+1Wt)), where X0 = E(x0x
T
0 )

5



Linear quadratic regulator: Example

I n = 5 states, m = 2 inputs, horizon T = 31

I A,B chosen randomly; A scaled so maxi |λi(A)| = 1

I Qt = I, Rt = I, t = 0, . . . , T − 1, QT = 5I

I x0 ∼ N (0, X0), X0 = I

I wt ∼ N (0,W ), W = 0.1I
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Linear quadratic regulator: Example
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Linear quadratic regulator: Sample trajectory
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Linear quadratic regulator: Cost comparison

compare cost for

I optimal policy, J?

I prescient policy, Jpre: w0 . . . , wT known in advance

I open loop policy, Jol: choose u0, . . . , uT with knowledge of x0 only

I no control (1-step greedy), Jnc: u0, . . . , uT = 0
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Linear quadratic regulator: Cost comparison

total stage cost histograms, N = 5000 Monte Carlo simulations
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