EE365: Linear Quadratic Regulator



Linear quadratic regulator

> i1 = Awxy + Brug + wy
> Ewt = 0, Ewtth = Wt

» stage cost is (convex quadratic)

1

E(w;erl’z + UIRtut)
with Q: >0, Ry >0

» terminal cost $27Qrar, Qr >0

» variation: terminal constraint x7 =0



Linear quadratic regulator: DP

» value functions are quadratic plus constant (linear terms are zero):

1
ve(x) = §($T-Pt$ +7t)

> PT:QT,TTIO

» optimal expected tail cost:

E'UtJ,»l(ft(Iau? wt))
= 2(req1 + E(Awz + Beu + wt)TPHl(Ai‘T + Beu + wy))
(res1 + (A + Btu)TPt+1(Atx + Biu) + Tr (P Wh))

2
1
2

using Ew, =0 and
EthPtHwt = ETr(PtHwtth) = Tr(Pt+1Wt)



Linear quadratic regulator: DP

» minimize over u to get optimal policy:
ui(x) = argmin (uTRtu + uTB;rPt_HBtu + 2(B;rPt+1Atm)Tu)
_ T .
= — Rt + Bt Pt+1Bt Bt Pt+1Atl’
= KtiE
» optimal policy is linear (as opposed to affine)

» using u = K,z we then have

ve(x) = %(Tt+1 + Tr(Pa W) + 27 (Qr + K ReKy)a+
SUT(At + Bth)TPt+1(At + B:K¢)x)
» so coefficients of v; are

Po= Qi+ K R K, + (A + Bth)TPt+1(At + B.Ky),
re = rep1 + Tr (P Wh)



Linear quadratic regulator: Riccati recursion

» set Pr = Qr
» fort=T-1,...,0

Kt = _(Rt + BIPt+1Bt)7lBIPt+1At
Pr=GQu+ K;Rth + (Ai + BiKt)TPH—l(At + Bth)

» called Riccati recursion; gives optimal policies, which are linear functions

» surprise: optimal policy does not depend on the disturbance distribution (pro-
vided it is zero mean)

T—1
L1
> "= (Tr(PoXo) + > Tr(Piy1Wh)), where Xo = E(zozg)

t=0



Linear quadratic regulator: Example

» n = 5 states, m = 2 inputs, horizon T' = 31
» A, B chosen randomly; A scaled so max; [A;(A)] =1
> Qt:-[, Rt:I, t:0,...,T—1, QT:5I

> Xo NN(O,XQ), Xo =1

v



Linear quadratic regulator: Example
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Linear quadratic regulator: Sample trajectory

0.5
O - .
-0.5F
Ui
U2
_1 Il Il Il Il Il Il
0 5 10 15 20 25 30



Linear quadratic regulator: Cost comparison

compare cost for

» optimal policy, J*

» prescient policy, JP™:

wo ..., wr known in advance
» open loop policy, J°: choose ug, . .., ur with knowledge of zo only

» no control (1-step greedy), J*: ug,...,ur =0



Linear quadratic regulator: Cost comparison

total stage cost histograms, NV = 5000 Monte Carlo simulations
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